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1 Motivation

The contemporary landscape of machine learning is marked by the vast scale of models. Ubiq-
uitous machine learning models are trained on copious amounts of high-dimensional samples,
frequently containing as many, if not more, parameters. For instance, the GPT-3 model, a
precursor to the widely-used conversational agent ChatGPT, stands out with an impressive
175 billion parameters and training on 374 billion data points [Bro+20]. Additionally, the im-
age generation systems DALL-E and DALL-E 2, capable of producing photo-realistic images
from text prompts, leverages a staggering 12 billion and 3.5 billion parameters respectively,
trained on 250 million and 650 million data points respectively [Ram+21; Ram-+22].

This escalation in model complexity raises critical questions about the theoretical un-
derpinnings of such expansive models. This inquiry is driven by the so-called “curse of di-
mensionality,” a term coined by Bellman in his exposition on dynamic programming [Bel10].
The concept is loosely used to convey the idea that low-dimensional intuition, as well as
computational or theoretical approaches, may break down entirely in high-dimensional sce-
narios [CL22]. Manifestations of this curse are observable in various aspects in the context of
machine learning. As a first example, traditional performance metrics for optimization tech-
niques often rely on worst-case complexity. Yet, in real-world, high-dimensional scenarios, the
likelihood of encountering a data point associated with the worst-case running time of a given
algorithm may be exceedingly low. Therefore, while worst-case complexity offers assurances
regarding running time, it may not accurately reflect the algorithm’s expected performance
in high dimensions. A second example is found in the analysis of artificial neural networks.
When overparametrized, meaning the number of trainable parameters exceeds the number of
data points, these models possess extraordinary capacity. In fact, they are capable of fitting
given data perfectly, even when the labels are pure noise [Zha+21]. In this scenario, the fact
that they still exhibit good generalization performance contravenes conventional statistical
knowledge. Furthermore, the presence of non-linear activation functions adds complexity,
making them challenging to analyze analytically.
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Fortunately, the scale of contemporary models not only brings about the curse of dimen-
sionality but also offers a blessing. It turns out that, in many problems of interests, we are
interested in understanding the asymptotic behavior of scalar observations of large random
systems. Conceptualizing the problem as random, we may leverage the fact that scalar ob-
servations of large random systems often follow a law of large numbers effect and concentrate
around a deterministic quantity. If the random distribution is chosen such that this quantity
accurately characterizes observed behavior in practice, one can argue that the chosen model
is satisfactory. To describe this deterministic limit, we can turn to tools from random matrix
theory.

1.1 Random Matrix Theory

How do we study a sequence of random matrices that are increasing in size? First, instead
of studying the random matrix directly, we will study the resolvent.

Definition 1. Given a Hermitian matrix H € C™ ", its resolvent is defined by R(z; H) =
(H —zI,)" "

The resolvent is an essential tool in random matrix theory because it exhibits valuable
properties that encode virtually all the information about the spectrum of the underlying
matrix. It is useful to think of the resolvent as an analogue to the characteristic function in
probability theory.

Proposition 1. Let H € C"*" be a Hermitian matriz. Then, the resolvent R(z; H) is a
holomorphic function on C\ o(H) and ||R(z; H)|| < dist(z,0(H))™" < (S[z])~t for every
z € C\ o(H). Furthermore, if H = UANUT for some orthonormal matriz U and diagonal
matrix A and I" is a positively oriented simple closed curve with interior I'°, then

Lj{f(z)R(z; H)dz

21

U diag{ f(\;(H))Ly,(myer- U =

for every complex function f analytic on a region containing I' and its inside.

Since we are interested in scalar observations of large random matrices, we define the
notion of (asymptotic) deterministic equivalence.

Definition 2. Given a potential random matrix A € C"*", we say that B € C"*" is a
deterministic equivalent of A if B is a deterministic matrix and trU(A — B) — 0 almost
surely as n — oo for any sequence of unit matrices U € R™*" with ||U][. < 1.

In particular, combining the notion of deterministic equivalence with the notion of re-
solvent, we will be interested in finding deterministic equivalent for resolvent of random
matrices.

It is important to note that, traditionally, random matrix theory has been concerned with
the characterizing the distribution of the eigenvalues. In particular, many results character-
ize the empirical spectral distribution of random matrices. This is what we would call an
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isotropic/averaged law. The notion of deterministic equivalence that we presented, however,
is more general. Indeed, it allows us to recover information about the alignment of the eigen-
vectors with some deterministic vector for instance. For this reason, the type of results which
have this type of convergence are called anisotropic laws.

2 Matrix Dyson Equation

There exists multiple methods to derive deterministic equivalents for resolvents of random
matrices. For instance, one can use the moment methods, which involves more combinatorics
computations. There is also the leave-one-out method, which is simple and powerful but
requires a good “guess” regarding the deterministic equivalent. In this lecture, we will focus
on the matrix Dyson equation.

Instead of just stating the matrix Dyson equation without any context, we provide a
heuristic derivation for GOE matrix. Let G € R™"™ be a GOE matrix. That is, G is
a symmetric matrix with G;; ~ N(0,1) for i # j and G;; ~ N(0,2). In particular,
G = 27Y2(Z 4+ Z7) where Z is a matrix with iid. AN(0,1) entries. Let H = n~2G be
a normalized GOE matrix. We write

E[G(H — 21,) ju = Y E[Gja(H — 21,) 4] + E[G;;(H — 21,) ;).
ot

Let £} is the matrix which has all zero entries except the (j, k) entry, which is 1. By Stein’s
lemma,

= —nRE[(H — 21,) 7 (Bjat Eoy)(H = 21) "au

E[G,o(H—21,);}] = E {M} wk

0G4
Hence, we have
E[H(H — 2I,) "] = —n'Etr(H — 21,)"")(H — 21,) '] = n'E[(H — 21,,)"?]
+ 2n~'E[diag{(H — z1,);} Y/, (H — zL,) '] + n_%]E[diag{GM}?:l(H — 20,7

Using Gaussian concentration for instance, n™! tr((H —z1,,) ™) concentrates around its mean.
Hence,
E[H(H — 21,)Y] = —E[n ' tr(H — 2L,) N E[(H — 21,,) 7] + on(1).

Using the structure of the GOE,
Eln " tr(H — 21,)"'| = E[HE[(H — zI,) " '|H] + 0,(1).

To summarize, using the tautological identity I,, = (H —z1I,,)(H — zI,,)~! and the previous
computations, we have shown that

—(E[HE[(H — 2I,) " "H] + 2L,)E(H — z1,,)) " = I,, + 0,(1).

3
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The expected resolvent is a deterministic equivalent for the resolvent itself, and by uni-
versality we expect that this result holds for more general distributions. This is the matrix
Dyson equation.

Definition 3. Given a symmetric random matrix H € R™", the matrix Dyson equation
takes the form
(EH —E[(H —EH)M(H —EH)|] — 2I,)M =1,

for z € H. The equation contains the mean matrix EH and encodes the covariance structure
in the so-called superoperator M — E[(H —EH)M(H — EH)).

We give an overview of the approach used to derive deterministic equivalents using the
matrix Dyson equation.

2.1 Existence and Uniqueness

The first step is to show the existence of a unique solution to the matrix Dyson equation. To
do so, we use the literature on fixed point theory. Let

M = {f:Hw— & analytic}, & :={M e C"":J[M] > 0}
be the admissible set. We look for solutions in the admissible set. Define the MDE map:
F:Mée.#— (EH—-E[(H-EH)M(H —-EH)]—zI,)' € #.

The main property of the MDE mapping F is that it maps the admissible set strictly
into itself. Let 4, :={f:{z € H : |z] < b} — &/ NB, analytic} for every b € R.,.

Proposition 2. Let z € H, b € R.q and define my = |[EH| + E|H — EH|?*0 + |z|. Then,
for every M € o with || M| <,

IFODO < (SN SIFO(M)] = Slz)my, L - 0.
In particular, if b > S[z], then F7) maps A, strictly into itself.
Proof. First of all, we have

S[F(M)] =—-F(M)S[EH —E[(H—-EH)M(H —EH)| — 21,| F(M)* = S[z|F(M)F(M)*.

Taking norm on both sides and rearranging, using the fact that ||S[M]|| < || M]| gives us the
first inequality. Also,
Slz]

] M)F(M)* = .
SEFONF M) = e R — R M = BHY] = 2L

Since F is a holomorphic function mapping .#,, strictly into itself, if follows from the Earle-
Hamilton fixed point theorem that F is contractive with respect to the CRF-pseudometric
p. Also, p(X,Y) > ¢[| X — Y||. Hence, we can use the Banach fixed point theorem to show
that F has a unique fixed point in .7, for every b € R-,.

]

Theorem 1. There exists a unique solution to the matrix Dyson equation in the admissible
set.



3 LINEARIZATION TRICK 2.2 Stability

2.2 Stability

The next step is to show that the solution to the matrix Dyson equation is stable with respect
to small additive perturbation. That is, say that F' satisfies

(EH —E[(H — EH)F(H —EH)| — 2I,)F = I, + D

where D is a perturbation matrix. If D is small, we want to show that F' is close to the
solution of the unperturbed matrix Dyson equation. This can be derived using the CRF-
pseudometric.

Theorem 2. If |D|| — 0 as n — oo, then |[F(z) — M(2)|| = 0 as n — oo.

2.3 Perturbation

Hence, if we are given a matrix H and we want to find a deterministic equivalent for the
resolvent of H, we simply have to write

(EH —E;[(H —EH)(H — 21,)""(H — EH)] — 2I,)(H — 21,) ' = I, + D

and show that D is small in a suitable sense. This streamlines the process of finding deter-
ministic equivalents for resolvents of random matrices.

3 Linearization Trick

The matrix Dyson equation is a powerful tool because it allows us to systematically find de-
terministic equivalents for resolvents of random matrices. However, it is limited to “Wigner-
like” matrices. For instance, it does not give the right deterministic equivalent for Wishart
matrices.

Example 1. Let Z € R™" be a matrix with i.i.d. standard Gaussian entries and define the
Wishart matrix W = n='ZZ7 € R4 Let M € C%9 be any deterministic matrix. Indeed,
EW = 1; and

E[(W —EW)M(W —EW)] = ! (E[(z"Mz)zz"] — M) .

n

To evaluate E[(z7 Mz)22T], we use Wick’s formula to compute

d d
]E[(ZTMZ)ZZT]j’k = Z MmbE[Z’QZijZk] = Z Mmb(éa,béj,k + 5a,j6b,k + 5a,k5b,j);
a,b=1 a,b=1

which in matrix form can be written as E[(zT M 2)22T] = tr(M)I; + M + MT. Hence,

E[(W — EW)M(W —EW)] = n~ " tr(M)I; +n M7,
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For “reasonable” M, the term n~'M7 is negligible compared to the term n~!tr(M)I; and
we can write

E[(W —EW)M(W —EW)] = n" " tr(M)1; + 0,(1).

Plugging this into the matrix Dyson equation and denoting m = d~! tr(M), we get (to
leading order) m = (1—4m— z)~!, which simplifies to m(1 — 4m —z) = 1. We can rearrange

this to p
—m?— (1 —-2)m+1=0.
n

We know that this is wrong, since the true equation for the Stieltjes transform of the Wishart
matrix is
Z§m2—(1—z—g)m+1:0.
n n

In fact, %mz — (1 — z)m + 1 = 0 is precisely the equation for the Stieltjes transform of a
Wigner model with uniform entrywise variance d/n, subjected to an additive deformation by
the identity matrix [; which uniformly shifts the spectrum by 1.

This demonstrates that while the standard MDE perfectly captures generalized Wigner
ensembles, it fails to recover the Marchenko-Pastur law because it does not account for the
heavy entrywise correlations inherent in sample covariance matrices.

To overcome this limitation, we can use the linearization trick. The concept of using
linearizations, which are also referred to as linear pencils or realizations, is to represent
rational functions of random matrices as blocks of inverse of larger random matrices which
depend linearly on their blocks. These linearizations possess simpler correlation structures,
rendering them more amenable to certain types of analysis.

Proposition 3 ([And13)). Let p be a self-adjoint n by n polynomial expression in C(Xq, ..., X}).
Then, there ezists a self-adjoint linearization L € CHOx(+d) gych that

1. L is linear in X1, X5, ..., X}

2. (L— ZA)l_gli,jgn = (p— 2I,)" " where A = [[S 8}

A B
B Q

Example 2 (Linearization for Wishart matrix). Let X € C"™? and 2 € H. Then,

3. L= { } with Q invertible.

-1
_ZIn X _ * —1
{ o _[d]u—(XX 21,) 7L
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Example 3 (Linearization for sample covariance matrix). Let X € C™¢ Y € C¥™ and
z € H. Then,
I, 0 0 X1
0 0 Y -
o Y* —-IL, O
Xt —-I; 0 0

= (XYY*X* —2I,)" "

1,1
Example 4 (Linearization for the anticommutator). Let X, Y € C**? and z € H. Then,

-1

—zI, X Y
X 0 Il =XY*'+YX*—z,)h
Y  —I; 0

1,1

The linearization trick as been used thoroughly in the free probability literature.

4 Matrix Dyson Equation for Linearizations

The linearization trick naturally leads to the study of pseudo-resolvents.

Definition 4. Let L € C»td)x(+d) he g linearization and z € H. The pseudo-resolvent of
L is defined by (L — 2A)~! where A = diag{/,,, 04xq}.

We consider real linearizations of the form

A BT
L:{B @}

where A € R™" is self-adjoint, B € R™" and @ € R?*? is deterministic and invertible. The
matrix Dyson equation for linearizations is given by

(EL —S(M) —2A)M =1,
where

E[(L —EL)M(L —EL)];; E[(A—-EA)M, (B —EB)T]

§:MeC™ = \pi(p _ER)M, (A~ EA)] E|(B-EB)M,y(B - EB)T]

c (Cﬁxé (1)

is the superoperator. The associated admissible set is given by
M = {f Hw— o analytic}, & :={M cC”":3[M] >0 and I[M,] > 0}.

The main difficulty in this setting is that, since the spectral parameter z does not span
the entire diagonal, we cannot directly use the same fixed point theory as for the matrix
Dyson equation and we have generally less a priori control. For instance, it is not clear a
priori that the MDE map M € & — (EL — S(M) — 2A)™' € & is well-defined in this case.

7
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To study the matrix Dyson equation for linearizations, we introduce the regularized matrix
Dyson equation (RMDE)

(EL — S(M) — zA —itI,)M = I,.

We have existence, stability, and nice properties for the RMDE. We can then show that the
RMDE converges to the MDE as 7 — 0. This allows us to show existence and uniqueness of
a solution to the MDE for linearizations.

Theorem 3 (L.-V., Paquette '23). There exists a unique analytic matriz-valued function
M € M such that M(z) solves the MDE for every z € H. Additionally, | My 1(2)| < (S[z])~*

and ()
0 Onxd
M — nxn nx
(Z) |:0d><n Q1‘| + /R A— 2z
for all z € H, where Q) is a real Borel { X { positive semidefinite compactly supported measure

satisfying ; B0
Q(d)) = r i S E
Lo@n=|_o%em o mzaen)

The expected regularized pseudo-resolvent almost solves the RMDE up to an additive
perturbation D():

(EL — S(E(L — zA —it)™) — 2A — itI))E(L — zA —it) ™t = I, + D™

with
DV =E[(EL - L—S(E(L—zA—irl)™") (L —zA—dtI,)™].

We have the following stability result.
Theorem 4 (L.-V., Paquette '23). If
o |[MT(2) — M(2)| 2% 0 uniformly in ¢
o Sl IEL]| and

o | DD RN for every T >0

then || M(z) — E(L — zA)~|| £22% 0 for every z € H.

(L—2zAN)"' X E(L—2A)""!
E(L — zA — i)™
M(z) ~ M(z)




5 APPLICATION

Let us discuss the assumptions in the last theorem. First, the assumption ||M()(z) —

M(z)]] 7% 0 uniformly in ¢ ensures the stability of the MDE. When the linearization
contains block of independent Wigner for instance, this assumption is satisfied because one
can construct a dimension independent representation of the solution of the (R)MDE.

For the third assumption, we have the following result.

Theorem 5 (L.-V., Paquette 23). If L = L(g) = C(g) + EL for some g ~ N(0,L,), then
IDD) < er™'VeA + 7728 ]| +
with
o g— S((L(g) — 2zA —itI,)™") is A-Lipschitz with respect to the operator norm
o S is the part that we removed from S
) relates to how close L is to satisfying a matriz Stein’s lemma.

Combining everything with a concentration argument, we can show that the unique so-
lution to the MDE for linearizations is a deterministic equivalent for the pseudo-resolvent.

Theorem 6. Let L = C(g)+EL for some g € N(0,,). Under some technical assumptions,
tr(U((L — zA)™' — M(2))) =2 0 for every U € C** with ||U||, < 1.

£—00

5 Application
Consider the random features ridge regression problem:
min [|y — Aw|* + 6]
where
o A=n"20(XW)
e X € R"=n>" he the matrix with jth rows corresponding to z] (the jth sample)

e y be the vectors of labels

W € R™*4 ig a matrix of i.i.d. Gaussians

o Lipschitz functions applied entrywise
e ridge parameter § > 0

e EA=0
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The random features model is equivalent to forming a two-layer neural network and fixing
the weights of the first layer at random initialization. The random features model has been
studied to understand things like implicit regularization, multiple descent, universality, etc.
that have been observed in practice.

The problem above admits the explicit solution wyiqee = AT (AAT + 61,

Ntrain

)" ly. Given
another labeled dataset 2 = {(z;,7;)}5", we can compute the empirical test error, or
out-of-sample error, using the squared norm of the residuals

Erest = |7 = Awriagel* = 1§ — AA"(AA" + 61,,,.,.,) "yl
with A = n=20(XW) € Riestxd,

Theorem 7. Suppose that Ny, d, Nest, o & 1 and limsup, . max{E[||A|"], E[||A|Y]} <
o0o. Let ao be the unique non-positive real number satisfying

a = —(1 + tI‘(KAAT(6]

Nitrain

—daK 4r)7) 7t € Reg

and denote M = (01,

Ntrain

—daK gar)™t as well as

P tr(Kgar + daK g, M1y, + 0M)K , 5r)
6 = 1 1 S Rzo.
1—|VdaK?  MK? . |%

Then, dB|| K} ;o Myl|]? + [|[daK 7 40 My + 7[> — Eiest n:Soo 0.

Here, we assumed that

E[(l,a")7] =0 and E[(a?,al)(al,al)] = |Baar Baar|
Kiar Kzar

We start by considering AA” (AAT + 5Immm)_l. Let ¢ = Ngrain + d + 2n4ese and consider
the linearization

(5 - Z)Intrain A Ontrainxntest Ontrain XNtest
_ AT —(1+ 2)axda  Odxnges AT exe
L=eh= Ontest XNtrain Ontesth Ontest X Ntest _Intest st (2)
Ontest XMNtrain A _‘[ntest Ontest XNtest
Then
R (1+2)'RA (1+2)'RAAT 0
(L— 2A)! = (142)'ATR R RAT 0
(14+2)'AATR AR ARAT I
0 0 — 1L, 0

10
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Here R := ((1+2)YAAT + (0 — 2)I,,,....) ! represents a resolvent and R := —((1+2)I;+ (5 —
z)PATA)™! is a co-resolvent. Indeed, the term lim, (L — zA)5; = AAT (AAT + Mnmm)_l
holds the relevant expression. Therefore, it suffices to find a deterministic equivalent for the

pseudo-resolvent (L — zA)~! and take the spectral parameter to zero.
The associated MDE is given by

(6 = )Ty = tr(M2,2) K 4 y7) ! 0 —tr(Mz2)M1 1K , 37 0
M(z) = 0 —(L+z+tr(K, o M11) Mg 0 0 '
—tr(M2,2)K 5,7 M1,1 0 (tr(M2,2))?K 3 ;7 M11 K, 37 + t1(M22)K 527 —Ingegs
0 0 —I, 0

Ntest

Using our framework, we can show that the solution to this equation is a deterministic
equivalent for the pseudo-resolvent. We can then take the spectral parameter to zero and
extract the (3,1) block of interest.

Next, we want to find a deterministic equivalent for (AAT + 81, )"LAATAAT(AAT +
61,,...)"'. This is the square of the previous matrix, so we can use a contour integral trick
to find a deterministic equivalent for this expression.
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